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SUMMARIES 
One of the many commentators of the Chiu chang suan shu 
(Nine Chapters on the Mathematical Art), written 
approximately in the first century, is Yang Hui, who wrote 
Hsiang chieh chiu chang suan fa (A Detailed Analysis of 
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the Mathematical Methods in the "Nine Ckpters") and the 
chiu chang suan fa tsurm lei (Reclassification of the 
Mathematical Methods in the 'Nine Chapters") in 1261. 
The seventh chapter of the Chiu chang suan shu is 
called ying nu or ying pu tsu meaning "too much and not 
enough" or "surplus and deficiency." It has been pointed 
out by historians of mathematics that the method known in 
Europe as the Rule of False Position is the same as the 
Chinese ying pu tsu method used in this chapter. Yang 
has made a detailed and thorough study of the twenty 
problems in this chapter. He has not only explained and 
expanded the method of ying pu tsu, but he has also 
suggested alternative and simpler solutions for some of 
the problems. 
This paper endeavours to translate the twenty problems, 
to analyse the ying pu tsu method , and above all to present 
a critical study of Yang's alternative methods. 
The Chiu chang suan shu [a] [*] or Nine Chapters on the 
Mathematical Art is the best known of the ancient Chinese mathe- 
matical texts. Its author or authors and the exact date when it 
was written are not known. A number of dates supported by 
various theories have been conjectured and it would perhaps be 
fairly safe to place it around the first century, provided the 
allowance is made that much of the material was written earlier 
with additions and enlargements accrued during the later Han 
period. [Needham 1959 3, 24-251 Since ancient times the Chiu 
chang has not ceased to intrigue and fascinate scholars and 
mathematicians. [l] The book contains nine chapters and has a 
total of two hundred and forty-six problems. Each problem begins 
with a statement of the problem and the answer, followed by the 
working which is generally terse and sometimes obscure. The 
reader is asked to take certain steps towards the solution of 
the problem, and reasons and explanations are very seldom given. 
Considering the period in which it was written, the Chiu chang 
contains many topics which exhibit an advanced state of mathema- 
tical knowledge. [2] For this reason and because of the obscurity 
of the text, sometimes due to the language, it has attracted 
generation after generation a long line of commentators. Among 
the most notable of these are Liu Hui [b] (3rd century), Li 
Shun-feng [c] (7th century), *Yang Hui [d] (13th century), and 
Tai Chen [e] (18th century) . 
*Lower case letters refer to the glossary of Chinese characters 
at the end of the article. Numbers refer to footnotes. 
1. Recent works on the Chiu chang are Wang Ling 1956, Berezkina 
1957, and Vogel 1968. 
2. For the method of root extraction see Wang and Needham 1955. 
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The Chiu chang had a tremendous influence on ancient and 
medieval Chinese mathematics and it was therefore not surprising 
that Yang Hui, one of the most prolific mathematicians of his 
time, should make a detailed study of it in his works Hsiang 
chieh chiu chang suan fa [f] (A Detailed Analysis of the Mathema- 
tical Methods in the "Nine Chapters") [Yang 1261a] and the Chiu 
chang suan fa tsuan lei [g] (Reclassification of the Mathematical 
Methods in the "Nine Chapters"). [3] These two volumes written 
in 1261 originally had a total of twelve chapters. Unfortunately 
the existing book is incomplete. Yang’s commentaries on the 
first four chapters of the Chiu chang are no longer extant, while 
those on Chapters Five to Nine may be found in the existing first 
volume, though some sections are missing. 
The seventh chapter of the Chiu chang is called ying nu [h] or 
ying pu tsu [i] (too much and not enough). These phrases have 
their origin in the lunar movements indicating a condition of 
“surplus and deficiency.” It has been pointed out by Ch’ien 
Pao-tsung [j] [Ch’ien 1927a; 1964b, 39-411 and Chang Yin-lin [k] 
[Chang 19271 that the cumbrous method known in Europe as the 
Rule of False Position for solving an equation of the ,form 
ax + b = 0 is the same as the Chinese ying pu tsu method. The 
Rule of False Position was brought to Europe by the Arabs and it 
can be found in the works of al-Khwarizmi (c. 825), Qusta ibn 
Luqa al-Ba’albaki (d. 922), and several later writers. [Smith 
1925 2, 437; Needham 1959 3, 1181 The Arabic name for the rule 
was hisab al-khata'ain, and so the medieval writers used such 
names as elchatayzn (Fibonacci, 13th century), el cataym (Pacioli, 
15th century), Regola Helcataym (Tartaglia, 16th century), and 
Regole de1 Cattaino (Pagnani, 16th century). 
With the presence of a good symbolism the solution of a 
simple linear equation such as ax + b = 0 seems obvious, but in 
ancient times where such a representation was lacking, the 
solution proved to be most troublesome. The Rule of False Posi- 
tion may be described as follows: Let g1 and g2 be two guesses 
as to the value of x, and let fl and ‘f2 be the failures, that is, 
the vaiues of agl + b and ag2 + b; which could be equal to zero 
if the guesses were right. 
Then agl + b = fI (11 
and ag2 + b = f2 
hence a(gl - g2) = fl - f2. ti; 
From (1) am2 + be = fm 
and from (2) w2g2 + bgl = fsl, 
hence b (g2 - g11 = f1g2 - f2&!1* (4) 
Divide (4) by (3) - b/a = (flg2 - fall/(fl - f21 
Since x = - b/a 
so x = (f1g2 - f2gl)/(fi - f21 (Al 
3. See bibliography for other works by Yang. 
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Another name for the Rule of False Position was the Rule of In- 
crease and Diminution from the fact that the error is sometimes 
positive and sometimesnegative. [Smith1925 2, 4411 It is inter- 
esting to note that this coincides with the Chinese name of Sur- 
plus and Deficiency. InhisHsiangchiehYanghasmadeadetailed 
and thoroughstudyofthetwentyproblems intheyingnuchapterofthe 
Chiu chang. He has not only explained and expanded the method 
of ying pu tsu (Surplus and Deficiency) as given in the Chiu 
chang but he has also suggested alternative and simpler solutions 
for some of the problems. The chief purpose of this paper is to 
study the alternative methods put forward by him, as he must have 
realised the long-windedness of the Surplus and Deficiency Method. 
The first eight problems of the ying nu chapter are different 
from the rest in the sense that the excess and deficiency (or 
the errors) are explicit in the problems. This necessitates the 
solution of a pair of linear equations in two unknowns, and the 
Rule of False Position does not arise. [Mikami 1913, 16-17; Smith 
1925 2, 4331 Probably these problems were meant as an exercisein 
technique for the student before he was taught to create the 
“errors” which were necessary in the Method of the False Position. 
The first eight problems are as follows [4]: 
1. A certain number of persons are buying some articles. Ifeach 
person pays 8 Uen [l] (coins) there is a-surplus of 3 wen and 
if each person pays 7 wen there is a deficiency of 4 we??. 
Find the number of persons and the cost of the articles. 
Answer: 7 persons and the articles cost 53 wen. 
2. A certain number of persons are buying some chickens. If 
each person pays 9 wen there is a surplus of 11 wen and if 
each person pays 6 wen there is a deficiency of 16 wen. Find 
the number of persons and the cost of the chickens. 
Answer: 9 persons and the chickens cost 70 wen. 
3. A certain number of persons are buying a stone similar to 
jade. If each person pays l/2 wen there is a surplus of 4 
wen and if each person pays l/3 wen there is a deficiency of 
3 wen. Find the number of persons and the cost of the stone. 
Answer: 42 persons and the stone costs 17 wen. 
4. A certain number of families are buying some cows. If every 
7 families pay 190 wen there is a deficiency of 330 wen. If 
every 9 families pay 270 wen there is a surplus of 30 wen. 
Find the number of families and the price of the cows. 
Answer: 126 families and the cows cost 3,750 wen. 
5. A certain number of persons are buying gold. If each person 
pays 400 wen there is a surplus of 3,400 won and if each 
person pays 300 wen there is a surplus of 100 wen. Find the 
number of persons and the price of the gold. 
4. Problems 1 to 20 can be found in the Hsiang chieh [Yang 
1261a 1, 2-201 and in the Chiu chang [Anon, 111-1241. 
Problem 8 is omitted in the latter book. 
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Answer: 33 persons and the gold costs 9,800 wen. 
6. A certain number of persons are buying some goats. If each 
person pays 5 wen there is a deficiency of 45 wen and if each 
person pays 7 wen there is a deficiency of 3 wen. Find the 
number of persons and the price of the goats. 
Answer : 21 persons and the goats cost 150 wen . 
7. A certain number of persons are buying some dogs. If each 
person pays 5 wen there is a deficiency of 90 wen and if each 
person pays 50 wen there is no remainder. Find the number of 
persons and the price of the dogs. 
Answer: 2 persons and the dogs cost 100 wen. 
8. A certain number of persons are buying some pigs. If each 
person pays 100 wen there is a surplus of 100 wen and if each 
person pays 90 wen there is no remainder. Find the number of 
persons and the price of the pigs. 
Answer : 10 persons and the pigs cost 900 wen. 
These eight problems are equivalent to the solution of a pair 
of linear equations in two unknowns, such as 
y = ax + b 
y = a’x + b’, 
which give x= (b’ - b)/(a - a’) PI 
and y = (ab’ - a’b)/(a - a’) (Cl 
where a,a’,b,b’ may be positive or negative, and either b or bf 
may- be zero. 
In the Chiu chang the solutions of the problems are identical 
to (B) and (C) but stated, of course, in words. Let us take 
Problem 2 as an illustration. In this case a = 9, b = -11, 
a’ = 6, b’ = 16. The working is given as follows: [S] 
< . . . If each person pays 9 Wen there is a surplus of 11 
and if each person pays 6 there is a deficiency of 16. 
Cross-multiply 9 and 16 to obtain 144 and cross-multiply 
6 and 11 to obtain 66. Add the two products to give 210 
. . . Add the surplus 11 and the deficiency 16 to obtain 
27.... Next subtract the prices 9 and 6 to give 3. Divide 
210 by 3 to give the cost 70, and divide 27 by 3 to give 
the number of persons 9...> 
The Hsiang chieh has endeavoured to explain the working of 
the problems more fully, though the method is basically the same 
as in the Chiu chang. An explanation of solution (B) is given 
as follows : [Yang 1261a 1, 21 
The meaning of the method is that the sum of the surplus 
and the deficiency is the "error" for the total number of 
persons. The difference of the prices offered gives thee 
"error" for one person...Divideby the'brror" for one person 
to obtain the number of persons. 
5. Chiu chang, 112. -Words within pointed brackets correspond to 
the smaller Chinese characters of the text, which are usually 
explanatory notes. 
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The rest of the problems in the chapter do not have the 
“excess and deficiency” or “errors” stated in the problems, but 
these are employed in the working as a means to obtain a solution, 
thus creating the Rule of False Position. 
Problem 9 is as follows: 
9. An unknown quantity of rice is put into a tub which has a 
capacity of 10 tou. [m] Grains are then added to fill up 
the tub and when the grains are pounded to remove the 
husks it is found that there are 7 tou of rice altogether. 
Find the original amount of rice. 
Answer: 2 tou 5 sheng [n] . [1 tou = 10 sheng] 
(It is assumed here that 1 tou of grains yields 6 sheng of rice.) 
The method in the Chiu chang [Anon, 1161 begins as follows: 
Use the method of Surplus and Deficiency. If the original 
amount of rice is 2 tou there is a deficiency of 2 sheng 
and if the original amount of rice is 3 tou there is a 
surplus of 2 sheng. 
Following this there is an explanation on how the figures for 
the deficiency and surplus are arrived at. Then the reader is 
asked to cross-multiply 2 tou by the surplus 2 sheng and 3 tou 
by the deficiency 2 sheng. The sum of the products is 10 tou 
which is divided by the sum of the surpius and deficiency to 
give the answer. This is identical to the Rule of False Positioh 
and coincides with solution (A). 
The Hsiang chieh [Yang 1261a 1, 61 has an alternative method 
which is not found in the Chiu chang. Yang calls this the Method 
of Proportion. 
Working: Subtract the fixed measure of coarse rice <30> 
from the fixed measure of grains <50> to obtain the fixed 
measure of husks <20>. The given quantity of rice <7 toz.0 
is subtracted from the amount which the tub can hold 
<lo tou> to give a remainder which forms the husks ~3 tou>. 
Multiply the fixed measure of coarse rice by this quantity 
of husks <3 -Lou> and the product <9 tou> is the dividend. 
This is divided by the fixed measure of husks <20>. <On 
division, the amount of added rice, 4 tou 5 sheng, is 
obtained. Subtract this from the total amount of rice 
and the difference gives the original quantity of rice>. 
The above method is equivalent to 7 - (lo-7)(30/20) = 2 l/2 
tou . The next problem involves a simple linear equation. 
10. There is a wall 9 ch’ih [o] (feet) high. A melon plant 
growing from the top of the wall creeps down 7 ts'un [p] 
(inches) a day and a gourd plant growing from the bottom 
of the wall creeps up 1 ch ‘ih a day. Find when they will 
meet and the lengths that they will have grown. 
Answer: 5 S/17 days. The melon plant is 3 ch’ih 7 l/l7 
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ts'un long and the gourd'plant is 5 ch ‘ih 2 16/17 ts'un. 
[l ch'ih = 10 ts'un] 
The equation is (7/10)x + x = 9 where x is the number of days. 
The working of the problem in the original text is again by the 
Surplus and Deficiency Method. The a1ternativ.e method put for- 
ward by Yang is translated below and this is equivalent to the 
solution of the above equation, that is, x = g/(7/10 + 1). [Yang 
1261a 1, 71 
By the Combined Rates Method: Let the height of the wall 
be the dividend <9 ch’ih> and divide this by the sum of 
the lengths of the melon and gourd plants ~1 ch’ih 7 
ts 'ml.>. <Divide to obtain the answer>. 
The alternative methods given by Yang for the following three 
problems are similar, so it would be sufficient to examine one 
of them in detail. 
12. 1 tou of good wine costs 50 wen and 1 tou of common wine costs 
10 wen. If 30 wen can buy 2 tou of wine, find the quantities 
of each type of wine. 
Answer: 2 l/2 sheng of good wine and 1 tou 7 l/2 sheng of 
common wine. 
15. A cubic inch of jade weighs 7 licmg [q] (ounces) and a cubic 
inch of a certain stone weighs 6 Lang. There is a 3-inch 
cube of stone with a piece of jade in the centre weighing 
a total of 11 chin. [r] Find the weights of the jade and 
the stone. 
Answer : The 14 cubic inches of jade weigh 6 chin 2 Lang 
and the 13 cubic inches of stone weigh 4 chin 14 Lang. 
[l chin = 16 liang] 
16. One mou [s] of good farmland costs 300 wen and 7 mou of 
poor farmland cost 500 wen. If it is required to buy 1 
ch’ing [t] of farmland costing 10,000 wen, find the 
division of good farmland and poor farmland. 
Answer: 12 l/2 mou of good farmland and 87 l/2 mou of 
poor farmland. [ 1 ch'ing = 100 mu] 
A close examination of the above problems would show that they 
involve similar pairs of simultaneous linear equations of the 
form 
x+y=c 
ax + by = c’, 
which give 
x= (c’ - bc)/(a - b) 
and y = (ac - c’)/(a - b) I$ 
Yang’s method of solution is identical to (E) though arrived 
at in the absence of any algebraic notation. For instance, the 
method of Problem 12 is given as follows: [Yang 1261a 1,8] 
Method by Division of Rates: Put down the total quantity 
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~2 to@ and multiply it by the expensive price <SO wen>. 
Subtract the total sum of money <30 men> from the 
product to leave a remainder of 70 wen. Let this be the 
dividend. Subtract the cheap price <lo> from the expen- 
sive price <SO> to give a remainder of 40 wen. Let this 
be the divisor. Divide to obtain the quantity of common 
wine ~1 tou 7 sheng 5 ho>. [u] [6] Subtract this from the 
total quantity ~2 tou> to give a remainder ~2 sheng 5 ho> 
which is the quantity of the good wine. 
From the above, the quantity of common wine is 
(2 - 50 - 30)/(50 - 10) tou. In the same way, in Problem 15, the 
volume of stone is calculated as (27 * 7 - 176)/(7 - 6) cubic 
inches ; and in Problem 16, the area of poor farmland is 
(2100 . 100 - 70000)/(2100 - 500) mou. 
The next problem is more sophisticated than the above. 
17. 9 pieces of gold weigh the same as 11 pieces of silver. 
If a piece is interchanged between the groups the 
first group is 13 licrng lighter than the second group. 
Find the weights of 1 piece of gold and 1 piece of 
silver. 
Answer: 1 piece of gold weighs 2 chin 3 liang 18 chu 
ph;71 and 1 piece of silver weighs 1 chin 13 liang 
. 
Yang offers the following solution to the problem. [Yang 1261a 1, 
141 
Method and working: Find the difference between the 
weights of 1 piece of gold and 1 piece of silver. The 
weights of 1 piece of gold and 1 piece of silver are not 
known. When 1 piece is interchanged with another the 
difference in the weights of the two groups is the dif- 
ference in the weights of 2 pieces of gold and 2 pieces of 
silver. This difference is 13 liang so the difference of 
1 piece of gold and 1 piece of silver is 6 l/2 lia??.g>. 
Multiply the difference by the number of pieces of gold, 
<6 l/2 liang multiplied by 9 pieces of gold becomes 
58 l/2 liang>. Subtract the quantities of the two groups 
<9 pieces of gold and 11 pieces of silver> and let the 
difference <2> be the divisor. <The difference in weight 
multiplied by the quantity of gold forms the dividend for 
the weight of 1 piece of silver>. Divide to obtain the 
weight of 1 piece of silver. 
With the aid of algebraic notations, Yang’s working could be 
explained in the following manner. Let x liang be the weight of 
6. 1 sheng = 10 ho. 
7. 1 liang = 24 chu. 
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1 piece of gold and y Gang be the weight of 1 piece of silver. 
Then 
and 
This gives 
(1) + (2) gives 
hence 
Substitute into 
that is, 
which gives 
9x - lly = 0 (1) 
(10~ + x) - (8x + y) = 13. 
-7x + 9y = 13, (21 
2x - 2y = 13, 
= 6 l/2. 
(l), 9(y + 6 l/2) ” ;l; = 0, 
(3) 
(11 - 9)y = 9 - 6 l/2 
Y =g. (6 l/2)/(11 - 9) 
In the Chiu chang all the problems in the chapter are worked 
out by the Surplus and Deficiency Method. For instance, the 
above problem begins as follows: [Anon, 1201 
Suppose 1 piece of gold weighs 3 chin, then 1 piece of 
silver weighs 2 5/11 chin, so there is a shortage of 49, 
which is recorded in the right column. Next, suppose 1 
piece of gold weighs 2 chin, then 1 piece of silver 
weighs 1 7/11 chin, so there is an excess of 15, which 
is recorded in the left column. 
In the ifsiang chieh Yang gives detailed explanations on how 
such figures in the surplus and deficiency are reached and also 
on the working which follows. The Method of Surplus and 
Deficiency has some variations. Sometimes it is called the 
Method of Two Surpluses or the Method of Two Deficiencies 
depending on the signs of the “errors.” In Problem 15, besides 
the usual Surplus and Deficiency Method taken from the Chiu 
chang, Yang adds the following: [Yang 1261a 1, 121 
Method of Two Deficiencies: Suppose the quantity of jade 
is 10 cubic inches and that of stone is 17 cubic inches, 
There is then a deficiency of 4 Lang.... Suppose the 
quantity of jade is 12 cubic inches and that of stone is 
15 cubic inches. There is then a deficiency of 2 l-kg. 
The working which follows can be written as 
(12 * 4 - 10 * 2)/ (4 - 2) cubic inches of jade, and 
(15 - 4 - 17 - 2)/(4 - 2) cubic inches of stone. 
The Method of Proportion which is used by Yang to solve Prob- 
lem 9 is also us@d by him to solve Problem 14. [Yang 1261a 1, 111 
14. 3 parts of liquid lacquer is mixed with oil to obtain 4 
parts. But 4 parts of the oil mixture should have 5 
parts of lacquer. If there are 3 tou of lacquer and 
a certain portion of it has to be mixed with oil after 
which the remaining portion of lacquer is added, find 
how much lacquer is mixed with oil, the quantity of the 
oil mixture, and how much lacquer is finally added. 
Answer : 1 tou 1 l/4 sheng of lacquer is mixed with 
oil to obtain 1 tou 5 sheng of oil mixture, which is 
added to 1 tou 8 3/4 sheng of lacquer. 
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Working by the Method of Proportion: From the 3 tou of 
lacquer, 3 parts are converted into 4 parts of oil mixture 
to which is added the remaining 5 parts of lacquer. Mul- 
tiply the given amount of lacquer <3 tou>, first, by the 
3 parts of lacquer <to obtain 9>, second, by the 4 parts 
of oil mixture <to obtain 12>, and third, by the 5 parts 
of the remaining lacquer <to obtain 15>. Let each of 
these products be the dividend. Add the parts of lacquer 
to be mixed with oil C3> to those of the lacquer to be 
added to the oil mixture <5>, and let the sum 8 be the 
divisor. Divide to obtain the answers. 
From the above, the amount of lacquer to be mixed with oil is 
(3 * 3)/8 tou, the amount of the oil mixture is (3 . 4)/8 tou, and 
the amount of lacquer to be added to the oil mixture is (3 * 5)/8 
tou. 
The fang ch'eng [w], or Method by Tabulation, forms the topic 
of the next chapter of the Chiu chang (Chapter 8). Each problem 
in this chapter involves a set of unknowns. The given numbers 
are arranged in the form of a ‘square’ and they are manipulated 
so that each unknown can be easily calculated. Yang points out 
that this method can be suitably applied to Problem 13 of the 
ying nu chapter. 
13. If 5 large containers and 1 small container have a capacity 
of 3 hu [x], and 1 large container and 5 small containers 
have a capacity of 2 hu, find the capacities of 1 large 
container and 1 small container. 
Answer: The large container can hold 13/24 hu and the 
small container can hold 7/24 hu. 
The set-up of Yang’s working which is self-explanatory is as 
follows: [Yang 1261a 1, 91 
Working by the Method of Tabulation: Put down the 
respective numbers. 
<Large containers 1 5 
Small containers 5 1 
Total capacities 2 3> 
Multiply the neighbouring line <the left line> by 5 and 
subtract the lesser amounts <on the right line> from the 
greater amounts <which are 5 times the original quanti- 
ties>. 
<Large containers 0 5 
Small containers 24 1 
Total capacities 7 3> 
Multiply the quantities in the right line by 24 and 
subtract from these products the respective quantities in 
the left line. Let the capacity be the dividend and the 
number of containers be the divisor. Divide to obtain 
the answers. 
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<barge containers 0 120 
Small containers 24 0 
Total capacities 7 65> 
Of the four remaining problems left to be discussed Problems 
11 and 20 are similar in type. They are as follows: 
11. A rush plant grows 3 ch’ih on the first day and a sedge 
plant grows 1 ch’ih on the first day. Thereafter, the 
rush plant grows half the rate of the previous day and 
the sedge plant grows twice the rate of the previous 
day. When will they be of the same height? 
Answer: 2 6/13 days. Each plant is 4 ch’ih 8 6/13 ts’un 
high. 
20. A wall is 5 ch’ih thick. Two mice are boringthroughthe 
wall fromoppositesides. On thefirstday thebigmouse 
bores through1 ch’ih and thesmallmouseboresthroughl 
ch ‘ih. Ifon each day thebigmousedoubles its distanceof 
the previous day and the small mouse halves its distance 
of the previous day, find when the two mice will meet 
and the distances bored throuqh by each mouse. 
Answer: 2 2/17 days. The big mouse bores through a 
distance of 3 ch’ih 4 12/17 ts'un and the small mouse 
bores through a distance of 1 ch’ih 5 S/17 ts'un. 
For these two problems no alternative method is suggested by 
Yang. He merely expands on the Surplus and Deficiency Method. 
In both cases an estimation is found for 2 days which gives a 
deficiency and another estimation is found for 3 days which gives 
a surplus. By the usual method cross-multiplication then takes 
place and the sum of the products is divided by the sum of the 
surplus and deficiency to give the exact number of days. In 
both problems the answer is 2 days plus a fraction. The length 
of the first 2 days is easily obtained and this is added to the 
product of the fraction and the length of the third day. 
The above two problems can be said to involve a series in 
geometrical progression, but the solution does not require the 
calculation beyond the third term of the series and hence the 
sum is easily found without reference to any rule of summation. 
The next problem (Problem 18) is similar to Problems 11 and 20, 
but the series involved is in arithmetical progression, and 
there happens to be a number of terms so that the rule for the 
summation of the series is given. 
18. A good horse and a poor horse start from Ch'ang An towards 
Ch'i which is at a distance of 3,000 zi [y] (miles) away. 
The good horse gallops 193 Zi on the first day and increases 
by 13 zi each day. The poor horse gallops 97 2; on the 
first day and decreases by l/2 zi each day. The good 
horse reaches Ch'i first and returns to meet the poor 
horse on the way. Find when they meet and the distance 
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travelled by each. 
Answer: They meet after 15 135/191 days. The good 
horse travels 4534 46/191 Zi and the poor horse travels 
1465 145/191 li. 
In this problem the Chiu chang gives the rule for summing a 
series in arithmetical progression. If a is the first term, 
b the last term, and n the number of terms, the sum of the series 
is given as (a + b)n/Z. The method begins as follows: [Anon, 
121-122; Yang 1261a 1, 151 
If the horses meet after 15 days, there is a deficiency of 
337 l/2 Zi. If they meet after 16 days, there is a 
surplus of 140 Zi. Cross-multiply the surplus and 
deficiency with the supposed quantities and let the sum 
of the products be the dividend. Let the sum of the 
surplus and deficiency be the divisor: Divide to obtain 
the number of days. 
Yang gives the following explanation for the above statements. 
[Yang 1261a 1, 17-181 
The good horse travels 193 li on the first day and 375 
Zi on the 15th day. The latter figure is obtained by 
adding the distance it travels on the first day, 193 
zi, to 14 times 13 Zi, which is the increase in distance 
per day. Next, add the distances of the first and last 
days, halve the sum and multiply it by 15 days to obtain 
4260 li. The poor horse travels 97 zi on the first day 
and 90 Zi on the 15th day. The latter figure is obtained 
by subtracting from the distance it travels on the first 
day, 97 li, the product of 14 and l/2 Zi which is the 
decrease in the distance per day. Add the distances of 
the first and last days, multiply the sum by 15, and 
halve the product to obtain 1402 l/2 zi. Add the total 
distances of the two horses to obtain 5662 l/2 Zi. The 
actual distance is 6000 li, so there is a deficiency of 
337 l/2 li..,. 
The methods for finding the distances travelled by the good 
horse and the poor horse are given in the Chiu chang. However, 
the text here is rather obscure. The following passage is taken 
from the iisiang chieh. [Yang 1261a 1, 151 
To find the distance travelled by the good horse, 
multiply the distance increased per day by 14 and add 
the product to the distance travelled by the good horse 
on the first day. To this sum add again the distance 
travelled by the good horse on the first day and halve 
the total. Multiply this by 15 to obtain the distance 
travelled by the good horse in 15 days. Separately, 
multiply the distance increased per day by the good 
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horse by 15 and add to the product the distance travelled 
by the good horse on the first day. Multiply the sum by 
thenumeratorofthefractionofthedayanddividebyitsde- 
nominator. Leavethenon-integral numberasareducedfrac- 
tion. Add theresult to theabovedistance travelledby the 
goodhorsein15days toobtain theanswer. Tofind thedistance 
travelledbythepoorhorse,multiply1/2 Ziby14andsubtract 
theproductfromthedistance travelledby thepoorhorseon the 
firstday. Add thedifference to thedistance travelledby the 
poor horse on the first day and halve the sum. Next, multi- 
ply this by 15 to obtain the distance travelled by the poor 
horse in 15 days. Separately, multiply l/2 li by 15 and 
subtract the product from the distance travelled by the 
poor horse on the first day. Multiply the difference by 
the numerator of the fraction of the day and divide by its 
denominator. Add the result to the above distance to ob- 
tain the total distance travelled by the poor horse. 
To illustrate his lengthy explanations Yang adds the two 
diagrams shown below. [Yang 1261a 1, 16-171 
Figure 1 
Translation of the 
caption : The lower 
- rectangles represent 
f; 193 Zi each for each 
day and each small 
square on top represents 
an addition of 13 2;. 
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Figure 2 
Translation of the caption: 
The large rectangle is 
divided into 15 equal 
rectangles representing 97 
li each for each day. Each ;; 
small square at the top 
represents a subtraction 
of l/2 Zi. 
The last problem to be discussed is interesting and quite 
different from the others. Besides the usual Method of Surplus 
and Deficiency, the Chiu chang gives a very appropriate alterna- 
tive method which is further extended into a more sophisticated 
method by Yang. 
19. A man invests a certain amount of money in Szechuan. At 
each stage his investment and interest amount to 130 per- 
cent of his previous investment. He withdraws 14,000 
ch’ien[z] the first time, 13,000 the second time, 12,000 
the third time, 11,000 the fourth time, and 10,000 the 
last time. After the fifth withdrawal he exhausts his 
investment and interest. Find the amounts of his initial 
investment and his total interest. 
Answer : The initial investment is 30468 84876/371293 
ch’ien and the interest is 29531 286417/371293. 
The Method of Surplus and Deficiency is given as follows: 
[Anon, 123-124; Yang 1261a 1, 18-191 
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Suppose his initial investment is 30,000 &lien. There is 
then a deficiency of 1738 l/2 ch'ien. If his initial 
investment is 40,000 ch'ien, then there is a surplus of 
35,390 ch'ien 8 fen. [aa] [8] Suppose his initial 
investment is 30,000 ch'ien. Then this becomes 39,000 
after the interest has been added. Subtract the amount 
of his first withdrawal and then add the interest to the 
remainder to obtain 32,500. Next, subtract the amount 
of his second withdrawal from this and then add the 
interest to the remainder to obtain 25,350. Again, 
subtract the amount of his third withdrawal from this and 
add the interest to the remainder to obtain 17,355. Next, 
subtract the amount of his fourth withdrawal from this 
and add the interest to the remainder to obtain 8261 l/2 
ch 'ien. Lastly, subtract the amount of his fifth 
withdrawal which is 10,000 ch'ien, so there is a deficiency 
of 1738 l/2 ch 'ien. Suppose his initial investment is 
40,000 ch'ien. This then becomes 52,000 after the interest 
has been added. Subtract the amount of his first withdrawal 
and add the interest to the remainder to obtain 49,400. 
Next, subtract the amount of his second withdrawal from 
this and add the interest to the remainder to obtain 
47,320 ch'ien. Again, subtract the amount of his third 
withdrawal from this and add the interest to the remain- 
der to obtain 45,916. Next, subtract the amount of his 
fourth withdrawal from this and add the interest to the 
remainder to obtain 45,390 ch'ien 8 fen. Lastly, sub- 
tract the amount of his last withdrawal which is 10,000 
ch'ien to give a remainder of 35,390 ch'ien 8 fen which 
is the surplus as stated. 
An alternative method for this problem is found in the Chiu 
chang and repeated in the Hsiang chieh. Its numerical working 
may be summarised as follows: (f [ (10000 - 10/13 + 11000)1(-j/13+ 
12000]10/13 + 13000)10/13 + 14000)10/13. A translation of the 
nethod is given below. [Anon, 124; Yang 1261a 1, 191 
Another method: Put down the amount he withdraws the 
last time, multiply it by 10 and divide by 13 to obtain 
the amount he invests the last time. Add 11,000 to this, 
and multiply the sum by 10 and divide by 13 to obtain 
the amount he invests on the fourth occasion. Add 
12,000 ch 'ien to this, and again multiply by 10 and 
divide by 13 to obtain the amount he invests on the 
third occasion. Add 13,000 to this, and again multiply 
by 10 and divide by 13 to obtain the amount he invests 
on the second occasion. Lastly, add 14,000 to this, and 
multiply the sum by 10 and divide by 13 to obtain the 
8. The first decimal place is called fen. 
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man's initial investment. Add together the amounts of his 
five withdrawals and subtract the initial investment from 
this sum to obtain the interest. 
Yang suggests a variation to the above method whose numerical 
working may be written as ({ [ (14000 . 13 + 13000 * lo)13 + 
12000 * 100113 + 11000 . 1000)13 + 10000 . 10000)10/135. A 
translation of Yang’s method is given below. [Yang 1261a 1, 191 
In this problem the interest at each stage is first 
obtained and then each sum is withdrawn. In the first 
four withdrawals the remainder of the money is left to 
accumulate interest. There is a relationship between 
the beginning and the end. With the five withdrawals 
as multiplicands and the rate 13 as a multiplier, the 
products are manipulated and added together to form the 
dividend. The divisor is the rate 13 multiplied five 
times. Use the Method of Proportion, whose working is 
as follows: Put down the five withdrawals. <Arrange 
the withdrawals from 14,000 to lO,OOO>. Multiply each 
by the respective rates and let the total sum be the 
dividend. <Multiply 14,000 by 13 and 13,000 by 10. 
Add the two products and multiply the sum by 13 to 
obtain 4,056,OOO. Add this to the product of 12,000 
and 100, and multiply the sum by 13 to obtain 
68,328,OOO. Add this to the product of 11,000 and 1000, 
and multiply the sum by 13 to obtain 1,031,264,000. Add 
this to the product of 10,000 and 10,000, which is 
lOO,OOO,OOO, to obtain 1,131,264,000. [Multiply this by 
10 to obtain 11,312,640,000]>. [9] Let the calculated rate 
be the divisor, Cl3 is multiplied five times to obtain 
371,293>. Divide to obtain the answer. 
Due to its incompleteness, the Hsiang chieh begins with 
Chapter Seven (ying nu) of the Chiu chang. This is followed by 
Chapter Eight, called the fang ch'eng or Method by Tabulation. 
In his detailed analysis of this chapter, Yang shows the working 
of each problem very clearly by arranging the numbers in matrix 
form. For the ninth chapter, called kou ku [ab] (right angles), 
which deals with the properties’of the righ’t-angled triangle, 
Yang has added many interesting diagrams, After Chapter Nine, 
the editor of the Hsiang chieh has placed Chapter Five, called 
shang kung [ac] (consultation on engineering works) and Chapter 
Six, called chun shu [ad] (impartial taxation). There are many 
missing parts here, especially in the analysis of Chapter Five 
where fifteen out of twenty-eight problems are missing. Yang ’ s 
commentary of Chapters One to Four are lost. 
The second volume of the Hsiang chieh, called the Chiu chang 
suan fa tsuan lei, is concerned with the regrouping of the two 
9. This sentence is omitted in the text. 
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hundred and forty-six problems in the Chiu chang under different 
methods. These methods are Multiplication and Division (ch'eng 
ch'u) [ae], Proportion (hu hum) [af], Combined Rates (ho lu) [ag], 
Division of Rates (fen lu) [ah], Distribution by Proportional 
Parts (ch'ui fen) (ai), Volumes (lei chi) [aj], Surplus and 
Deficiency (ying pu tsu), Calculation by Tabulation (fang ch'eng), 
and Right Angles (kou ku). The twenty problems of the ying nu 
chapter of the Chiu chang are redistributed by Yang as follows: 
Problems 9 and 17 under Proportion, Problem 10 under Combined 
Rates, Problems 12, 14 to 17, and 19 under Division of Rates, 
Problems 1 to 8, 11, 18, and 20 under Surplus and Deficiency, 
and Problem 13 under Calculation by Tabulation. 
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